Abstract. We present three versions of the Lax-Milgram theorem in the framework of Hilbert C * -modules, two for those over W * -algebras and one for those over C * -algebras of compact operators. It is remarkable that while the Riesz theorem is not valid for certain Hilbert C * -modules over C * -algebras of compact operators, our Lax-Milgram theorem turns out to be valid for all of them. We also give several examples to illustrate our results, in particular, we show that the main theorem is not true for Hilbert modules over arbitrary C * -algebras.
Introduction and preliminaries
The Lax-Milgram theorem, due to P. D. Lax and A. N. Milgram [11] , can be considered as a kind of representation theorem for bounded linear functionals on a (real) Hilbert space, in other words, it extends the Riesz representation theorem from the inner product to a bilinear form under certain conditions. It asserts that if ϕ is a bounded bilinear form on a Hilbert space H such that ϕ(x, x) ≥ M x for all x ∈ H , then for every bounded linear functional f on H , there exists a unique element u such that f (x) = ϕ(x, u) for all x ∈ H and u ≤ f /M. It has several applications in various disciplines such as partial differential equations, integral operators, fractional differential equations, differential operators, system of boundary value problems, linear system of equations, etc; see for example [9, 13] . This theorem has been generalized by several mathematicians in linear and nonlinear forms; see for example [17, 19, 5, 21] . A version of the Lax-Milgram theorem for Hilbert C-modules and C-sesquilinear forms is given in [8] . In this note, we adopt the version of the Lax-Milgram theorem presented in [5] and generalize the theorem in the setting of Hilbert C * -modules over W * -modules and over C * -algebras of compact operators.
) is a bounded linear functional with norm less than or equal to τ f 1/2 . Hence, there is a unique vector τ f ∈ H f such that τ f f ≤ τ f for all x ∈ X . Now we are ready to state the main result of Paschke. 
for all x ∈ X , τ, ρ ∈ X ′ , and all normal positive linear functionals f on A .
We also need the following lemma. 
, where K(H α ) denotes the C * -algebra of all compact operators on some Hilbert space H α , and the c 0 -sum is either a finite block-diagonal sum or a block-diagonal sum with a c 0 -convergence condition on the C * -algebra components K(H α ). The c 0 -sum may possess arbitrary cardinality. Their multiplier algebras M(A ) can be characterized as 
The following construction of a multiplier module and its properties are from [2, 3] : For every Hilbert A -module X there exists a Hilbert M(A )-module M(X ) containing X as an ideal submodule associated with the ideal A in M(A ), i.e. . So, this gives us an idea how to compensate the possible lack of self-duality of X switching to its extension M(X ). We refer the reader to [10, 15] for more information on the basic theory of Hilbert C * -modules.
The Lax-Milgram Theorem extended to self-dual Hilbert
We start our work with a useful observation concerning the self-dual Hilbert C * -modules. We notice that in the proof of the implication (i)=⇒(ii) we do not use the assumption of the self-duality of X .
Lemma 2.1. Let X be a self-dual Hilbert C * -module over a C * algebra A and let Y be a closed submodule of X . Then the following assertions are equivalent:
Hence there is
Suppose Y is orthogonally complemented and τ ∈ Y ′ . We can extend
there is x ∈ X such thatτ (z) = x, z for all z ∈ X ). Hence x, y =τ (
Let PS(A ) denote the set of all pure states on A . We are ready to state our first result.
A -linear on Y and anti-A -linear on X ) such that there exists c > 0 and k > 0 such that
(1) for any f ∈ PS(A ) and for any x ∈ X there exists y ∈ Y with y = 1
(2) for any f ∈ PS(A ) and for any y ∈ Y there exists x ∈ X with x = 1 such that f (|x|) ≥ k and
It is easy to see that T is a bounded A -linear map. We shall show that T is adjointable:
Next, we show that the range R(T ) of T is closed. It follows from (2.1) that T is bounded below. Indeed, let x ∈ X . Then take f 0 ∈ PS(A ) such that f 0 (|x|) = x , and take y 0 ∈ Y such that y 0 = 1, f 0 (|y 0 |) ≥ k, and (2.1) holds for y = y 0 . Then
By [10, Theorem 3.2] we get
We claim that T (X )
Let f ∈ PS(A ) be normal. We have
Let L be the norm closure of the subspace
Using a standard limit argument, referring to the bondedness of {η 0 n }, and employing (2.3), we infer that lim n→∞ η 0 n = 0. By assumption, for each y n there exists x n ∈ X such that x n = 1, f (|x n |) ≥ k, and (2.2) holds. Note that
It follows from (2.4) and (2.5) that lim n f (|y n |) = 0, hence lim n f ( y n , y n ) = 0. Thus τ f = 0 and so f (τ (y)) = 0 for all normal functionals f ∈ PS(A ) and all y ∈ Y . Hence τ = 0. Thus Y = T (X ). Note that B is nondegenerate with respect to the first variable, that is, for each x ∈ X \{0}, there exists y ∈ Y such that B(x, y) = 0. Indeed, if x = 0, then there is f ∈ PS(A ) such that f (|x|) = 0. Non-degeneracy of B follows now from (2.1). Therefore, if B(x 1 , y) = B(x 2 , y) for any y then
Let τ ∈ Y ′ and let x ∈ X such that Proof. If the assumption holds then it suffices to show that there exists k > 0 such that for any f ∈ PS(A ), there exist x ∈ X and y ∈ Y of norm 1 such that f (|x|) > k, f (|y|) > k. Then the assumptions of Theorem 2.2 hold true. As X is full, there exists m ∈ N and x 1 , . . . , x m ∈ X such that 
. A similar argument works for y.
The following example shows that the conditions of Corollary 2.3 are too restrictive.
Example 2.4. Let A = M 2 be the algebra of two-by-two matrices, X = Y = A , B(x, y) = x * y. Then B satisfies the conditions of Theorem 2.2, but does not satisfy those of Corollary 2.3. Indeed, given f ∈ PS(A ) and x ∈ M 2 , take a polar decomposition x = uh with a unitary u and positive h, and set y = u. Then f (|y|) = f (1) = 1, and
On the other hand, let x = Corollary 2.5. Let X and Y be self-dual Hilbert C * -modules over a W * -algebra
is a map satisfying the conditions of Theorem 2.2. Then there exists a bounded adjointable invertible A -linear operator
Proof. The operator T : X → Y ′ was constructed in the proof of Theorem 2.2.
As Y is self-dual, we are done.
Example 2.6. Let A be a W * -algebra and X be self-dual and full, let Y = X , and let B(x, y) = x, y . Then B satisfies the conditions of Theorem 2.2. Indeed, let x ∈ X . By [14, Proposition 3.11] , there exists z ∈ X such that p = z, z is the range projection of |x| and x = z · |x|. The Hilbert module Z generated by z is projective, hence X = Z ⊕ Z ⊥ . If X is full, then so is Z ⊥ as a module 
The second condition of Theorem 2.2 can be verified in the same way. It is easy to see that, in this example, T is the identity operator.
The following example shows that our result cannot be transferred from W * -algebras to general C * -algebras, even in the commutative case. 
If τ has no limit at 0, then there is no u ∈ X such that τ (v) = u · v for any v ∈ Y . For example, take τ (t) = sin 
It is easy to see that c x λ ≤ τ . So {x λ } is a bounded net. It follows from Lemma 1.2 that X is a conjugate space. Applying the Banach-Alaoglu theorem, and by passing to a subnet if necessary, we may assume that there is z ∈ X such that x λ → z in the weak* topology. We have
To this end, let v ∈ V . There is λ 0 ∈ Λ such that v ∈ Y λ 0 for all λ ≥ λ 0 and so that
On the other hand, if ρ(
is normal. Utilizing [14, Remark 3.9], we get
Also (2.6) gives us f (B(x λ , v)) → f (τ (v)) hence by uniqueness of limit, we get
The following fact can be easily derived using the self-duality of the Hilbert C * -module and the positivity of the C * -valued inner product (cf. Example 2.6).
Remark 2.9. Let A be a W * -algebra and X be a full Hilbert A -module. Let
T be a positive bounded invertible A -linear operator on X . Then the sesqilinear form B T (x, y) = T (x), y satisfies the conditions of Theorem 2.2. Indeed, by Example 2.6 for any x ∈ X we have |f (B T (x, y))| = |f ( T (x), y )| ≥ f (|T (x)|)f (|y|) for some element y ∈ X with y = 1 selected with respect to T (x). However, by the positivity and invertibility of T the inequality
holds for any x ∈ X . So we arrive at |f (B T (x, y))| ≥ T −1 −1 f (|x|)f (|y|). The second condition of Theorem 2.2 can be verified in a similar way.
Since for full self-dual Hilbert C * -modules X the C * -algebra of coefficients is always unital and every bounded module operator on X admits an adjoint operator we can consider the discussed sesquilinear forms in a different way, cf.
[6, Thm. 3.7, (i), (iv)]: Any other C * -valued inner product ·, · 0 on X inducing an equivalent norm to the given one can be expressed as x, y 0 = T (x), y for any x, y ∈ X and for an unique invertible positive bounded module operator T on X . So for W * -algebras and for self-dual Hilbert W * -modules over them we obtained a large class of examples.
We finish this section giving a version of the Lax-Milgram Theorem for Hilbert spaces. (a) B λ = B| X λ ×Y λ is a bounded sesqulinear form for all λ ∈ Λ (b) B(., v) is a bounded linear functional on X for all v ∈ V (c) there exists c > 0 such that for any λ ∈ Λ and for any x ∈ X λ (resp. for any y ∈ Y λ ) there exists a unit vector y ∈ Y λ (resp. x ∈ X λ ) such that
for all v ∈ V . Recall, that the Riesz theorem is not valid for certain Hilbert C * -modules over C * -algebras of compact operators, whereas the Lax-Milgram theorem turns out to be valid for all of them. Moreover, the theorem above can be considered as a Lax-Milgram theorem for a class of (not full, in general) non-self-dual, in general, Hilbert W * -modules because A -modules are always M(A )-modules.
